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for three typical runs: one wafer polished and inspected on
both sides (#82) and two wafers (#83 & #84) cycled
simultaneously, one with the polished side up and the other
with the polished side down.

The quantitative dislocation density fluctuates from run to
run but, for a given run, the wafer with the polished side
down always has more dislocations than the one with the
polished side up. The difference in densities from run to run
has not yet been explained, but the strong correlation between
top and bottom dislocation densities for a given run is
preliminary evidence that gravity influences the creation of
lattice defects.
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Solutions of Laplace's Equation in a
Rectangle with a Large Hole
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EMPLOYING a new technique, the even eigen-
functions of Laplace's equation in a rectangular region

with a large central circular hole are derived. The eigen-
functions, satisfying homogeneous outer boundary conditions
are generated by the integration on circular paths of the single
series form of Green's function obtained with a method
somewhat different from the classical techniques. The
solutions so obtained are then linearly combined to meet the
nonhomogeneous condition at the boundary of the circular
hole. The technique is employed to the solutions of the
problems of torsion of prismatic bars and steady-state two-
dimensional heat conduction. Numerical results are presented
for each case.

Consider a region bounded by a rectangle with the length
and width of a and b respectively, and containing a large cen-
tral circular hole of radius p0. Choose x andy axes parallel to
the sides a and b of the rectangle with the origin at the center
of the circular hole. Consider now the solutions of the
nonhomogeneous equation

V24>f = d(p — p i ) cos 2((p (la)

2^ a2 a2 ' Q 1 2 , x_ = y_
d%2 dt]2 ' a a
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in which p and <p are the polar coordinates at the origin, and d
is the unit impulse function. Obviously, the solutions for <£,,
satisfy Laplace's equation for p^p0. In addition, if these
solutions satisfy the conditions

( = 0 at J-= and i)=± ——b_
2a (2)

then they are the desired eigenfunctions mentioned earlier. To
solve Eq. (1), subject to the conditions of Eq. (2), we first ob-
tain Green's function. Let $ be the solution of

in rectangle axb (3)

in which

for

P = const (region I)

)=0 for

and 77 < — rj} (region II)

(4a)

(4b)

(4c)

Assuming an 77 independent particular integral of Eq. (3), the
appropriate solution 0j for region I satisfying the
homogeneous conditions at £ = ± l/2 can be written in the
form

where

X/<{ )=0

£j An COSh /77TT7 COS
/? = 7,3,5...

for T7 />T7> -77;

for

for -

for

(5)

(6a)

(6b)

(6c)

For region II, we need consider only the solution for ^TJ/
due to the symmetry. The solution <£n for this region
automatically satisfying the homogeneous conditions at £ =
± l/2 and 77 = b/2a can now be written as follows

n = 1,3,5,...
\* sinh mr(r)— —— ) cos

2a for

(7)

Here in Eqs. (5) and (7), An and A* are the unknown con-
stants of integration to be determined from the continuity
conditions of the functions <£ and d</>/dr/ at 77 = 7? 7. Expanding
X / ( £ ) > defined in Eqs. (6), in Fourier series and employing
these continuity conditions, one obtains

An=- n cosh —b/2a)
cosh (mrb/2a)

&n sinh
cosh (mrb/2a)

cos

Let us now consider a function <j)° which satisfies

V2<j>°=f(£,ri,£],ri1-e) in rectangle axb

(8a)

(8b)

(8c)

(9)
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in which e<rj} is a small positive number. The solution </>° of
Eq. (9) subject to homogeneous outer boundary conditions
can be obtained by changing 77 7 to 17 7 - e in </>. Adding <j> to 0°
and taking the limit as e-~0 while p*e = l, we find the
solutions (</>i )c and (<£„ )c for Green's function

n)c cosh nirr) cos

fo r r / 7 >r /> -77 7 (10a)

A*)c sinh mr(rj — b/2a) cos ,
n= 1,3,5,...

for

cosh (mrb/2a)

n-K$n cosh
cosh(nirb/2a)

(lOb)

(10c)

(10d)

(10e)

Next, employing the aforementioned Green's function as a
kernel, the eigenfunctions <£,, can be written in the form

(

r=
•J

d<p}

57T/2

v* ^i (11 a)

1 =arc tan r/7/£7 £=0,7,2,3,...
(lib)

v?* = arc sin rj/p7 for rjj>rj>— 77 7 (He)

p*=(Tr/2) for T7>T77 (lid)

Note that the integrals in Eqs. (11) involve terms such as

cosh mr[(pf/a) s i n < £ > 7 ] cos mr[ (p//a) cos<p}]

To make the integrations analytically possible, we expand
these functions in Fourier series. For example, we have

cosh mr[ (pj/a) sin p}] c o s m r [ ( p / / a ) cos<p 7 ] =

cos [imr(pj/a) sin <^7] cos [ m r ( p } / a ) cos <p/] =
l/2\ cos[ (n-Kpj/a) (cos <pl +i sin v{)}
+ cos [(mcpj/a) (cos < / ? 7 — / s i n < ^ > 7 ) ] } =

Vitcos (Xe'^i) 4- cos (Xe~ / v / ) ]

(12)

Expanding the terms in the right-hand side of Eq. (12) in
powers of Ae'V2 and Ae"7^7, we obtain

cosh mr( —— sin y?7) cos nir( —— cos <p,)a a

-"-^ - —4!

(13)

Table 1 Values of nondimensional shear stress f^ = rzx/Goca
(G = modulus of shear, a=angle of twist/unit length) at p = p0

(f>= Tr/2 \sp0/a for the case of b/a = 1

P0/a T&

0.25
0.30
0.35
0.40

-0.29557
-0.37909
-0.47827
-0.60622

Table 2 Temperature field T vs various p/a and y for the case of
7out=0, rin =1, and for p0/a = 0.25, b/a=l

<p
0

97T/68
7T/4

p/a = 0.25

1
1
1

p/a = 0.30

0.75323
0.76373
0.77213

p/a = .35

0.54065
0.56442
0.58351

p/0-0.40

0.34973
0.39256
0.42658

It can be shown that, for the points ?j> r?7 corresponding to
<p* = 7r/2, the results of the integrals in Eq. (11) are greatly
simplified, and 0/s are reduced to single series forms.

Applications in Torsion of Prismatic Bars and
Steady-State Two-Dimensional Heat Conduction

For the torsion of a prismatic bar with a rectangular cross
section having a central circular cavity, we select solutions of
Laplace's equation in the form

(14)

in which #r's are certain constants to be determined, and \j/* is
the solution for the torsion of a rectangular cross section bar
without a cavity.1 From the properties of the functions1^*
and </>/s it is obvious that \j/ satisfies the necessary outer boun-
dary conditions automatically. We shall determine the
unknown constants B* s by employing the inner boundary
c6ndition

at p =

and the condition

(15)

(16)

Here K is a constant to be determined along with B/s and v
and 5 are the coordinates along the normal and tangential to
the path of integration, respectively. Thus, considering the
symmetry of the cross section with respect to £ and rj axes, we
select m terms in the series of the right-hand side of Eq. (14)
and fulfill the conditions of Eq. (15) for y points in the first
quadrang (7 > m). The 7 linear algebraic equations resulting
from this procedure together with the equation obtained from
Eq. (16) are then solved approximately with the method of
least square error2 to give K and Be's for £=0,1,2,3,...m.
Numerical results show that the inner boundary condition is
extremely well satisfied. For example, retaining only six terms
in the series for 0f, the error in satisfaction of this boundary
condition is of the order of magnitude of 10 ~6 for the case of
a bar with a square cross section. The problem of steady-state
two-dimensional heat conduction in a rectangular region with
a hole subject to the temperature T- 0 at its outer boundary is
similarly solved. For this case, only the functions Ef are em-
ployed and the integral §3T/dvds which is proportional to the
heat conducted per unit time, is not zero and does not affect
the temperature distribution.

Numerical results for the above two cases are presented in
Tables 1 and 2. It is interesting to note that the presented
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technique can be employed to a noncircular large hole in a rec-
tangular region. It can also be applied in the cases where there
are more than one hole involved. Finally, eigenfunctions
similar to those derived here may be utilized for the solutions
of other two-dimensional problems, such as stress analyses in
cylindrical shells containing large holes.
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THE use of composite materials in various aero-
space and industrial applications has prompted a con-

siderable amount of research on the static and dynamic
response of multilayer plates. During the past decade, several
authors1'2 have formulated plate theories by a direct extension
of Mindlin's theory3 for homogeneous plates. Sun and Whit-
ney4 have shown that laminated plate theories which are
based on Kirchhoff's hypothesis, or a simple extension of
Mindlin's theory, yield grossly inaccurate natural-frequency
predictions for two- and three-layer plates whose layers have
widely differing shear rigidities.

In a recent paper,5 the principle of virtual work was used to
derive the equations of motion in an invariant form for an ar-
bitrary three-layered plate. No restrictions were placed on the
relative thicknesses, densities, elastic moduli, or symmetries
of the layers. The formulation accounts for the shear defor-
mation of each layer as well as the translational and
rotational inertia of the composite. Continuity of
displacements and stresses was imposed in accordance with a
perfect interface bond assumption.

In the current analysis, the previously derived equations
will be used to analyze a transversely isotropic two-layer plate
by deleting the terms associated with the third layer and
neglecting the transverse contraction of the composite. The
theory then becomes the two-dimensional analog of Theory II
as presented by Sun and Whitney.4 If we assume that each
layer is transversely isotropic, the equations of motion are
written in vector notation and can be uncoupled to yield a
sixth-order equation in the transverse displacement. By
neglecting certain in-plane and rotatory inertia terms, we can
obtain a somewhat simpler fourth-order equation, which is
very similar to Mindlin's dynamic plate equation with
modified stiffness, mass, and inertia coefficients. This
equation reduces to Mindlin's formulation if either of the
layers is assumed to vanish or the properties of both layers are
identical. From virtual work, the natural boundary conditions
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can also be derived in an invariant form for a plate of ar-
bitrary shape.5

To substantiate the differences between the current work
and the formulations that are in present use, natural-
frequency calculations have been performed for a variety of
layer property configurations. The numerical results obtained
for transversely isotropic layers indicate that laminated
theory7 based on Kirchhoff's hypothesis will, in general, be in
substantial error, even for relatively thin plates, if the ratios
of the in-plane-to-transverse shear moduli of the two layers
are large.

Governing Equations
The equations of motion are developed for an elastic,

transversely isotropic two-layer plate in the state of
generalized plane stress. It is assumed that the in-plane
displacements vary linearly through the thickness of each
layer, however, the cross-sectional rotations of the layers are
not necessarily equal. The transverse displacement is assumed
to be constant through the plate thickness and the transverse
normal stress is assumed to be zero.

The equations of motion can easily be deduced from
previously derived equations.5 When both layers are trans-
versely isotropic then, as before, vector notation can be em-
ployed to describe all the equations. It is also possible to un-
couple the field equations, which leads to a sixth-order partial
differential equation in the transverse displacement w. It can
be shown that neglecting certain in-plane and rotatory inertia
terms results in the following simplified uncoupled equation

v2w, tt+B3w,. mi-™ l^ b w,t(

b p3+B4V2p3-(B3/m)p3jt = 0 (i)

where
2 7 2 7

Y-^ (rt) (n) ( 1 ) (2) v^ ( w ) ( i ) (2)
B}=-[ lj (b h) + b b (4lj h + 6h h ) ] / 1 2

• , v^ (") (n) (n)3 (2) (7) (2) (7) 2 (/) (2) (2)2

= { Li P b h +P b h(6h +9 h h + 4 h ) ]

( 1 ) ( 2 ) ( I ) 2 ( 1 ) ( 2 )
- p b h (2 h +3h)

r \^\ (")2 (")2 ( n ) ' ( /) (2) , ( 7 ) (2)2

+ ( m / h T ) [ L (b h / a) + b b] { ( a h

(2) (ir (7) (2) (7) (2) (7) (2)
+ a h ) ] / a a + 3 h h (a + a)

(/) (2) , ,
/ a a } ] } 112

, , , , V^ («) (n) (n}3 (n) (2) (7) (2) (2)
, = (ft/12hT).(- 2j p b hi a -(P b h/a)

( I ) 2 ( 1 ) ( 2 ) (2)2 ( 7 ) ( 2 ) (7 ) 2

(6h + 9h h + 4 h ) ] + (p 6 /z
(/) (/) (2) ,

/ a) (2 h + 3 h ) }

, '* (*)2(n}2 '-
h 1 a

(2) y^ (n}2 (n)
+ b' b

(/) (2) v^ (n) (I) (2)
+ 3 h h Y\ a / a a] }/12hT


